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0. Introduction and preliminaries 
The present paper is a continuation of the investigations on finite dimensional 
convex structures, started in [20]. We will now be concerned with the invariants 
of Heliy (R), Curuth~odory (c), and Radon (t), in relation with the dimension (n) 
of a topological convex structure. According to [20], this ‘convex dimension’ is 
well-behaved under certain restrictions, such as connectedness of conuex sefs and 
a separation properry. These conditions continue to play a role in the present 
treatment of the topic. 
With the above introduced notation for the invariants and for the dimension, 
the following results have been obtained, some of which involve a few additional 
conditions which may slightly vary from case to case: 
Here, 4,, denotes the Radon number of the n-cube relative to the subcube convexity. 
These numbers are computed in [2]. 
Two remarks are in order. First, the Caratheodory number of an n-dimensional 
convexity can take only two values: II and n + 1. Its exact value can be determined 
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with the aid of the Helly number: 
c=n+l if andonlyif R=n+l. 
In a sense, the theorems of Helly and Carathtodory are equivalent under the 
present circumstances. Secondly, no upper bound is given yet for the Radon number. 
In fact, such a bound can be obtained by combining the Eckhoff-Jamison inequality 
with results of Sierksma [18] and with some of the above results: 
*Gn(R-l)+l if R Gn, 
r<a(R -1)+2 if R =n+l. 
However, these bounds seem rather unsharp on the class of convexities in consider- 
ation: most examples known to us satisfy t < n + 1. 
For binary (4 s 2) convexities, much sharper bounds have been obtained: in 
almost all dimensions n, t = a2., and 4 E {t,, 3” + 1) otherwise. A simple example with 
t = 4, + 1 is given below for n = 1. The next ‘exceptional’ dimensions are n = 4, and 
II = 15. The problem of finding counter-examples to + = 8, in these or higher 
dimensions has been a challenge for some time. Quite recently we have developed 
a procedure to construct such examples in every predicted dimension. See our 
forthcoming paper [25]. 
A less ‘classical’ but equally important invariant is the exchange number, e, 
introduced by Sierksma in [18]. This invariant is the only one which exactly 
determines the dimension: 
e=n+l, 
and its usage is very profitable for the obtaining of some of the above results. 
According to results in [20], convex dimension is a ‘locally determined’ quantity. 
It follows that the exchange number is also locally determined and that the 
Caratheodory number is locally determined up to one unit. Whether or not such 
a difference can occur depends on the local behaviour of the Helly number. These 
results are valid on the class of convexities in consideration; in general, no invariant 
is locally determined. 
The theory of convex invariants has been further exploited in [23] and [24] to 
compute the dimension of so-called convex hyperspaces. The knowledge of this 
dimension and of certain invariants has lead to combinatorial results on subcontinua 
of a tree, [24], and to additional information on the Radon number of a binary 
convexity in [23]. Some applications to the theory of distributive lattices are given 
in [26]. The exchange number is used in [22] to prove that certain two-dimensional 
convex structures are join-hull commutative. Finally, a metrization theorem for 
certain finite dimensional spaces has been obtained in [27] with an argument 
involving the Caratheodory number. 
For a definition of the genera1 notions of topological conuex structure, separation 
properties, and conuexity preserving (CP) functions, the reader is referred to [20]. 
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The notion of ‘convex dimension’ is such a central one that a repetition of its 
definition is justified. Let X be a topological convex structure. Its convex small 
inductive dimension is the number 
cindXE{-l,O, 1,. . . ,a} 
which satisfies the following conditions: 
(1) cindX=-1 ifandonlyifX=0; 
(2) cind X =G n + 1 (where n <co) iff for each convex closed set C c X and for 
each x & C there exist convex closed sets D, E with 
DvE=X, CnE=0, x&D, 
and such that cind D n E c n. 
We note that the convex set D nE is a closed separator between C and x. It is 
equipped with the relative convexity. 
It was shown in [20] that ‘convex’ and ‘topological’ dimension are equal for 
convexities with contractible convex sets on a separable metric space. In [21], 
‘contractibility’ has been weakened to the familiar ‘connectedness’ condition on 
the class of so-called metrizable convexities. More recently, ‘metrizability’ has been 
changed into ‘compactness’ [14] and new improvements are on their way. For a 
precise formulation of these results, the reader should consult the quoted papers. 
Roughly speaking, it is not a mistake to replace ‘cind’ by a topological dimension 
function in the results of Section 2 below. 
We finally describe the main additional condition used in this paper. It was 
introduced in [19] for an approach to the Krein-Milman theorem, and it seems 
indispensable for a theory of ‘pseudo-interior’ points of which one result will be 
used below for the determination of c and e. Let X again be a topological convex 
structure. A subset Y of X is in continuous position if for each convex open set 
0 CX meeting Y it is true that 
Clu(YnO)= Yno-. 
Equivalently, 
Yno-cCly(Yn0). 
The formal resemblancy of this expression with the criterion “f(A-) cf(A)-” for 
continuity of a function f may largely explain our choice of terminology. X is said 
to have the continuity property if each of its convex sets is in continuous position. 
The following types of examples were given in [19, Section 41: 
(1) The ordinary (linear) convexity on a real vector space or, more generally, a 
convexity with connected convex sets and with the following property of 
Fuchssteiner [3, p. 1521: for 0 convex open and for F c O- finite, 
h (F)\O c h (F\O). 
(2) A semi-regular binary convexity with compact intervals. Such examples arise 
in superextension theory [13,4.1] and from the theory of distributive lattices, [26]. 
84 M. van de Vel/ Finite dimensional concex structures II 
(3) A product of two convex structures has the continuity property if both factors 
have. 
In [22,3.4] it is shown that convex hyperspaces inherit the continuity property 
from the basic space. In general, the property is not inherited by convex subspaces 
[19, Section 41. However, our results below remain valid for such subspaces. 
As a typical counterexample, one may consider almost any compact topological 
semilattice with a convexity consisting of all order-convex subsemilattices. 
Nevertheless, the convex invariant theory for suitable semilattices is in good 
agreement with the results obtained below; an explicit study of this topic will appear 
elsewhere. 
1. The classical invariants 
We briefly describe three invariants of convexities, defined after the well-known 
theorems of Helly, Caratheodory and Radon on convex sets in Euclidean space. 
After presenting the main relations between these invariants, we derive a new 
inequality valid for regular convexities with connected convex sets and with compact 
polytopes. 
In the sequel, the number of elements in a finite set A will be denoted by /A\, 
and the intersection of the empty family of subsets of X will equal X by convention. 
1.1. Helly number. Let V be a (set-theoretic) convexity on X. A finite subset F c X 
is said to be degenerate (relative to %) if 
f-l h (F\b 1) f 0, 
.XeF 
and nondegenerate otherwise (compare with the terminology of affine simplices). 
The Hefly number of (X, %) is the number R(X, U) ~{0,1,2,. . . , 00) satisfying 
R (X, %‘) d n iff every finite set F CX with IFI > n is degenerate relative to ‘% 
(OSn <a). 
A collection _Y of subsets of X is n-finked if any n members of 5? meet. According 
to [17, Lemma 3.11, R(X, 5%‘) s n iff every finite n-linked system Y?c Ce has a 
nonempty intersection. The Helly number is defined in this way in [9, p. 4731. 
It is clear that R (X, %‘) = 0 iff X = 0 and (if singletons are convex) that R (X, U) = 1 
iff X is a singleton. A convexity with Helly number ~2 is also said to be binary. 
This term comes from superextension theory, and it was introduced by de Groot 
in [4]. 
1.2. Carathiodory number. Let (X, %) be a convex structure. A finite set F CX is 
said to be reducible (relative to W) if 
h(F)= U h(F\bU, 
.XEF 
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and irreducible otherwise. The Carathiodory number of (X, U) is the number c(X, %‘) 
in {0,1,2 ,..., co} satisfying c(X, U) G n iff every finite set F cX with IFI >n is 
reducible relative to V (0 G n <co). 
Clearly, c(X, %‘) = 0 iff X = 0. If X is a singleton, then c(X, %‘) = 1; the converse 
is not true in general. 
1.3. The Radon number. Let V be a convexity on X A finite set F cX is said to 
be dependent (relative to %‘) if there exist disjoint subsets FI, Fz of F with 
and independent otherwise. A partition {F,, Fz} of F with h (F,) n h (Fz) # 0 is usually 
called a Radon partition of F. Obviously, F is dependent iff it admits a Radon 
partition. 
The Radon number of (X, %‘) is the number ,(X, %‘) E (0, 1,2, . . . , 00) satisfying 
t(X, U) s n iff every finite set F CX with IFI >n is dependent relative to %’ 
(OSn COO). 
Note that s(X, U) = 0 iff X = 0 and (if singletons in X are convex) 2(X, W:> = 1 
iff X is a singleton. 
The common theme of the above definitions is a notion of ‘freedom degree’ for 
a convex structure: if the number of points in a set exceeds this degree, then its 
points must be ‘dependent’ in some way’. 
We note that our definition of a Radon number differs from the usual one, which 
can be stated as follows, [9,18]: 2’(X, %:) 5 n iff every finite set F cX with IFI 2 n 
(not: >) is dependent, n < 00. Clearly, 
(*) 2(X, V) = 2)(X, U) - 1. 
Our basic motive for this change of definition is that all three invariants are now 
defined similarly. Also, the substracted unit in (*) seems to make formulas relating 
R(X, %), c(X, V) and 2(X, SC?) more aesthetical. In fact, it is our impression that 2’ 
contains an artificial extra unit. See for instance 1.4 below. 
The classical theorems of Helly, Caratheodory and Radon can most conveniently 
be formulated as follows. Let Iw” be equipped with the linear convexity V,. Then 
(see [6, 1, 151) 
1.4. Relations between the invariants. Let % be a convexity on X. We put 
R =R(X, V:), c = c(X, %), 2 =2(X, U). 
(1.4.1) R G 2 (see [12, Theorem HI). 
’ The term ‘dependent’ with specification ‘h-‘, ‘c-‘, ‘r- ’ is used in [ll] to define all three classical 
invariants. 
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(1.4.2) a zz c(R - 1) + 1: this is the so called Eckhuf-Jumison inequality (see 
[18, 10.21). 
(1.4.3) If (X, 0) = (Xi, Ui) x (X2, %‘J (see [20, (2.6; 3)]) with X # 0 and 
R (Xi, %i) = Ri, C(Xi, Wi) = Ci, 2(Xi, Vi) = *i (i = 1, 2), 
then 
R =max{Ri,Rz}, cr+c2-2~c~cl+c2, max{zi, 22}~2~21+22-1. 
See [17,3.2,2.1] or [18,7.6,8.3,9.26]; the formula in the middle can be sharpened 
by using the exchange number: see 1.5 below. 
The above product formulas give a fairly adequate picture of how the invariants 
behave relative to convex dimension (for restrictive classes of convexities): the 
Helly number may stay far behind the dimension, the Radon number grows to a 
if dimension does, but it may stay behind, and the Caratheodory number is very 
closely following the dimension. 
(1.4.4) Let (X, %‘:) -* (X,5?) be a CP function onto, and let 
d=R(X, 3,, : = c(X, J,, i = 2(X, 4,. 
Then 
R &, ts’ 
as the reader can easily prove. It need not be true that c 3 C: the reader is invited 
to supply his own example. Instead, the Caratheodory number reveals some 
‘hereditary’ behavior: if X is a subspace of X, then 2 c c, as was already observed 
in [7, p. 231. 
1.5. Exchange number. In [18,6.1], G. Sierksma introduced an invariant which is 
much like the Caratheodory number, but which behaves somewhat differently. This 
invariant has been regarded as an ‘auxiliary’ one to study relations between R, c, 
4 in a convexity as well as on products. However, it appears from our results below 
that the exchange number is the only invariant which exactly determines the 
dimension, and it plays an essential role in proving the equivalence of Helly’s and 
Caratheodory’s theorems. 
Let % be a convexity on X. Then the exchange number of (X, U) is the number 
e(X,V)E{O,1,2 ,..., CO} satisfying the following property for each n <CO: e(X, %:) s 
n iff for each finite set F CX with IFI > n and for each u E F, 
h(F\{u})cJC;!h(Iu}uF\Ix}). 
XfU 
Following the pattern of the previous definitions, a set F as above could be called 
interchangeable (or, e-dependent). 
The following formulas of [18] will be of use (notation as above; Q. = e(X, %‘)): 
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(1.5.1)e-1~e~max{R,~-1}(see[18,10.9]); 
(15.2) if .sS C, then &S (C - l)(R - 1) +2 (see [18, 10.51). 
1.6. Theorem. Let X be a regular convex structure with compact polytopes and with 
connected convex sets. Then its Helly, and Carathebdory number R, resp. C, satisfy 
R SC. 
We first prove the following auxiliary result: let C1, . . . , C,, be an (n - l)-linked 
system, n 2 2, of closed convex sets in X, such that Uy= 1 Ci is convex. Then f$=, Ci f 
0. 
For n = 2, the statement follows from the connectedness of convex sets. Assume 
the statement to hold for all n <m, where m 33, and let {Cl,. . . , C,,,} be an 
(m - l)-linked system of closed convex sets with a convex union, such that n;, Ci = 
0. Choose a point 
Xi E n Cj 
iti 
for each i, and put 
The convex sets Di are compact, UL, Di is convex, and the convex structure on 
h{xr,. . . , x,} is even normal by [19,2.4]. Hence the disjoint compact convex sets 
pz;‘Di and D, can be separated with a convex closed set D. For each i = 
,***, m -1, the set 
flDj:j#i,m} 
meets Di (say in ui) as well as D, (say in vi) by (m - l)-linkedness. Note that Ui 
and vi are separated by D, whence by the connectedness of convex sets there is a 
point zi in h{ui, ui}nD. 
Then zi E n {Dj lj # i, m}n D, showing that 
{DjnD]i=l,...,m-1) 
is an (m -2)-linked system of compact convex sets, the union of which is convex since 
m-l 
i$J Di nD) = (,‘CJ Di) nD- 
By inductive assumption, 
m-l 
(7 DinD#kJ, 
i=l 
contradicting with the construction of D. 
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In order to establish the theorem, we only have to show that every finite reducible 
nonempty set is also degenerate (from which the implications c s n j R s n, 0 s n < 
co, follow). Let F # 0 be reducible and finite. Then IFI > 1, say F = {XI, . . . , x,} with 
pz2.ForeachiE{l,...,p}weput 
Ci = h (F\{xi}). 
Then {Cr, . . . , C,} is a (p - 1)-linked system of compact convex sets, and 
fi Ci=h(F) 
i=l 
since F is reducible. Therefore, n;=, Ci f 0 and F is degenerate. 0 
The above result is not valid in general for set-theoretic convexities: if X is an 
infinite set, and if V is the convexity consisting of all subsets of X, then 
c(X, U) = 1, R(X,%)=co. 
Also, t(X, %‘:) = Q). Note that if X is a completely regular space, then the above % 
is a regular topological convexity with compact polytopes, and by definition, cind 
equals the small inductive dimension of X. This example makes it clear too that 
no reasonable relationship can be expected between (convex) dimension and the 
invariants if convex sets are allowed to be non-connected, and without restrictions 
of some other nature (see, for instance, [26]). 
Let us also mention that Hammer obtained the conclusion R s c from two 
set-theoretic assumptions: join-hull commutativity (see below) and the condition 
(*) described in 2.13 below. See [5, Satz 3.1(l)]. The above used auxiliary result 
is well-known for Euclidean spaces (see [lo]). 
2. Relations between dimension and the invariants 
Again, reference to the convexity will be dropped most of the time in order to 
simplify the notation. 
Our first result is on the Helly number; the argument is comparable with the 
original one of Helly: 
2.1. Theorem. Let X be a regular convex structure with connected convex sets. If R 
is the Helly number of X, and if cind X = n (- 1 G n < CO), then R s n + 1. 
Proof. We may assume that n <co. By a remark in 1.1, the theorem holds for 
n = -1,O. Now assume the theorem to hold in dimensions <n, where 0 < n < 00. Let 
F={xi, . . ..xP} (p>n+la2) 
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be a nondegenerate set. By regularity there exists a hyperplane’ H of X separating 
between the sets 
p-1 
C = fl h (F\Ixil) and h (F\b,l). 
i=l 
Foreachi=l,...,p-l,theset 
nbwixim f i, d 
meets C (e.g. in x,) as well as h (F\{x,}) (e.g. in xi)* By connectedness, it also meets 
H. This shows that the family 
(1) {h(F\{xj})nH]i=l,. . . ,p-1) 
is (p -2)-linked. As cind H G n - 1 by [20, Theorem 2.71, we find by our inductive 
assumption that the Helly number R’ of H satisfies 
R’<n Gp -2. 
As was observed in 1.1, the family (1) then has a nonempty intersection, contradict- 
ing that CnH =0. 
As each set F with IFI >n + 1 is degenerate, we find that R G n + 1. 0 
2.2. Theorem. Let X be a semi-regular convex structure with connected convex sets, 
and let R and c be its Helly, resp. Radon number. If cind X = n (-1 G n s CO), then 
max{R, -2,) G 4, where 2, denotes the Radon number of the n-cube with its cubical 
convexity. 
By convention, the ‘(-1)-cube’ is 0 and the ‘O-cube’ is a singleton. The ‘co-cube’ 
is the Hilbert cube. See [20, 4.1, 4.131 for ‘cubical’ convexities. 
Proof of 2.2. R s 2 by Levi’s theorem (cf. (1.4.1)). The theorem is obviously valid 
for n = -1. Next, assume Ocn <CO. Then by [20,Theorem 4.41 there is a CP map 
f:X+[O, 11” 
which is onto. Hence 2, s 2 by an observation in (1.4.4), establishing the finite- 
dimensional case. By a result of Eckhoff [2, Satz 31, 2,, is the largest number p with 
the property that 
(1) C(P, [iPI) s 2n, 
where [$p] denotes the lower integer approximation to $p, and 
C(P, 4) ‘P! (4! (P -4w. 
In particular, 2, tends to co with n, and hence 2aD = CO. Therefore, if cind X = 00, 
then by [20,4.4] again we find CP maps from X onto [0, 11” for each n <co, and 
consequently 2 = Co. Cl 
’ That is, the boundary of an open half-space; see [20]. 
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Note that the Helly number of an co-dimensional convexity may be finite: for 
instance, the Hilbert Cube with its cubical convexity has Helly number 2, which is 
the lowest possible for a nontrivial space. The Radon number seems to be more 
tightly related to dimension: 
2.3. Corollary. Let X be a regular convex structure with connected convex sets. Then 
X is finite dimensional iff its Radon number is finite. 
Proof. If cind X = co, then also 2(X) =oo by Theorem 2.2. Assume next that 
cind X <co, and put 2 = 2(X). The statement 
cindXsn 3 2~2~+l 
is trivial for n = -1,O. Assume it to hold for n <m, where m > 0, and let cind X s m. 
If 2z52m+1, then there exists an independent set F = F1 v FZ in X with F1 n FZ = 0 
and 
Fl= {xi / i = 1, . . . ,2”}, F2={yiIi=1,...,2’“}. 
As h (F,) n h (Fz) = 0, and as X is regular, there is a hyperplane H of X separating 
between R and Fz. For each i E (1, , . . ,2’“} there is a point 
zi E h{xi, yi}nH. 
One easily sees that {zi 1 i = 1, . . . ,2”} is an independent subset of H, contradicting 
with the inductive hypothesis, since cind H G m - 1. 0 
We note that both non-degeneracy and independency are related with disjointness 
of polytopes (or of polytopes with convex closed sets). Hence regularity seems to 
be a more effective separation property than semi-regularity in the present circumst- 
ances. 
The above proof also shows that 2 has an upper bound of type 2”+l (n = 
dimension). We will show below that there is a much better upper bound for a 
somewhat more restrictive class of convexities. 
We now come to results on the Caratheodory and Exchange numbers. From 
now on, the continuity property (see the introduction) will be involved. We note 
that we have no example available expressing necessity of this condition. 
Throughout, d = d\O denotes the boundary of the open set 0. 
2.4. Lemma. Let X be a convex structure with the continuity property and with 
connected convex sets. Let C c X be convex, and let 01, . . . , 0, be a sequence of 
open half-spaces of X such that for each i E (1, . . . , n}: 
(1) ni<i dj n C meets Or; 
(2) Tlj<jdjnC is not included in die 
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If {F, G} is a partition3 of {l, . . . , n}, then 
Proof. We first show by induction on p c n that the following is true: 
(3P) ifisP,thenn{djjj~P,j#i}nOinCffl. 
Note that for i = p this is asserted in (l), and we only have to consider the case 
i <p. For p = 1, there is nothing left to be proved. So let p > 1 and assume (3~‘) 
to be valid for p’ < p. By (1 J and (2) we can choose points 
XE f-l &nCnO, yE n &nCnX\dp. 
k<p k<p 
Let i <p. By inductive assumption, Oi meets the convex set 
D=n{@jsP-l,jzi}nC, 
whence by the continuity property, 
n djnC=dinD =CID(OinD)\Oi. 
i==p 
Note that x and y are in the former set. Since 0, is a neighborhood of I, we can 
find a point 
x’EO,n(OinD), 
and since X\o, is a neighborhood of y, we can find a point 
y’E (X\G,)n (Oi AD). 
Then 
h{x’, y’} c Oi nD, X’E o,, y’ I?! o,, 
and by connectedness of h{x’, y’} we can find a point 
z Eh{x’, y’}nd, 
Hence, 
zEOir\Dnd,=~{dj~~~p,jfi}nCnOi, 
establishing (3~). Having completed the induction, we conclude that (3n) holds, 
which is the conclusion of the lemma in case IFI = 1. Assume now that the lemma 
holds for sets F’ with less than p members, and that IF/ = p > 1. Fix k E F and put 
F’ = F\{k}, G’=Gu{k}. 
3 F, or G, are allowed to be empty as well. Note that F = 0 is a trivial case. 
92 hf. van de Vel / Finite dimensional convex structures II 
By inductive assumption there is a point 
XE n Oin n djtTC. 
icF’ jeG’ 
The lemma being true for singletons, we also obtain a point 
yEO,,n n dp?C. 
l#k 
Then 
and by the continuity property, 
x E Cl~(hk y)nOk). 
AlSO, n&F Oi is a neighborhood of x, and hence 
Ofl~,Oinh{x,y}nOkcnOinn djnC, 
iaF jeG 
completing the proof of the lemma. 0 
2.5. Theorem. Let X be a semi-regular convex structure with connected convex sets 
and with the continuity property. Let C c X be a convex set with Carathkodory number 
C, exchange number e, and of dimension n (-1 G n G 0;)). Then 
n d c, n+lCe. 
Proof. The statements 
are obvious if m = -1, 0 or 1 (in fact, in either case m + 1 c c). So assume that 
m>l andmcn.Put 
B = (0 IO cX is an open half-space, 0 n C f 0, Cc o}, 
Z={dnCIOE0}. 
Note that for each 0 E 0: d n C is the relative boundary of 0 n C in C by the 
continuity property. By semi-regularity, %! is point-separating in C. Hence ([20, 
Theorem 3.31) there is an 01 E B with 
cind(drnC)am-120. 
Note that Oi n C # 0 and Ce 6,. If m - 1 > 0, then this procedure can be repeated 
on C1 = d, n C. Hence, by induction, we can obtain a sequence O,, . . . , 0, of open 
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half-spaces of X such that for each i s M, 
ndjr\CnOi #0, ndjnCeO6, 
j<i j<i 
cind(fii)jnC)am-isO. 
In particular, there is a point 
l4EjidilTC, 
i=l 
and by Lemma 2.4 we can fix a point 
XiEndjnCnOi 
j#i 
for each i = 1,. . . , m. Put 
F={xr,...,&I, Fi = F\{xi}. 
By construction, F c C and 
h(F,)ch({U}U~)cd, i=l,...,m. 
Also, Oi meets h(F) (e.g. in Xi), whence by the continuity property 
h(F) = di n h (F) = Cl(Oi n h (F)). 
Consequently, h (Fi) is nowhere dense and closed in h(F), and hence 
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ij hU=i)#h(F), 
i=l 
showing that F is irreducible. Thus eSm - 1, i.e. m G C. On the other hand, 
TIEI Oi nh(W is a dense subset of h(F) disjoint with h ({u} u Fi). Consequently 
h(F)g CJ h({UluFi;:), 
i=l 
showing that 4 &m, i.e. m + 1 s e. Cl 
2.6. Remark. The above construction of a sequence of hyperplanes can be used 
to construct continuous CP surjections onto cubes in a more direct fashion than 
we did in the proof of Theorem 4.4 of [20]. Let C be a convex set of a semi-regular 
convex structure X with the continuity property and with connected convex sets, 
such that cind C L n. Put 
9={flf:X+[O, l] is continuous and CP} 
~={(dnC~3f~9:O=f-‘(O,1],OnCC0,C~6}. 
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Then, again, SV is a point-separating family of C-hyperplanes, and by [20, Theorem 
3.33 there is an f~ 9 such that (writing 0 =f-‘(0, 11) 
cind(d n C) z n - 1, OnCf0, CC6. 
This leads us to a sequence f ,, . . . , fn of CP mapsX + [0, l]such that if Oi = fi’ (0, 11, 
ndjnCnOi#0, ndjnCtZdi, 
j<i j<i 
cind(cdinC)an-i. 
Fix u E nl=, di 
isF j&F 
for each F f 0. Note that 
fi(x(F))>O iff ieF; fi(U)=O, i=l,..., n. 
Let f >O be the minimum of 
{fi(X(F))liEF,Fc{i ,..., n}}. 
WeconstructanewCPmapgi:X-,[O,l](i=l,...,n)by 
gi(X)=t-‘lTliIl{fi(X), f}, X EX. 
This determines a CP map 
g = (Si, - * *, gn):X-,D, II”, 
and clearly all corner points of [0, 11” are in g(C). By [20, Lemma 4.31, g(C) = 
[OS 13”. 
Now consider the irreducible collection {xi, . . . , x,} with xi =x ({i}) (see also the 
proof of 2.5). Then g(xi) is the ith ‘unit vector’, and {g(xi), . . . , g(x,)} is a (standard) 
irreducible set of [0, 11”. This leads us to the following considerations. Although 
in general the Caratheodory number need not decrease along with a CP function, 
we have no counterexample involving (topological) convexities with connected 
convex sets, and CP maps. The above argument indicates that such a counterexample 
may probably not exist. A positive result in this direction may also help to omit 
the continuity restriction in 2.5, as CP maps onto cubes also exist without such a 
restriction. 
In order to obtain an upper bound for the Caratheodory number (and hence for 
the Radon number) we have to add one more condition: a (set-theoretic) convex 
structure X has the cone-union property if the following holds: if C, Ci, . . . , C, are 
convex sets such that 
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then for each x in X, 
h({X}UCIC ij h({XlUCi) 
i=l 
(see [18, p. 161). This property is slightly more general than join-hull commufutivity, 
where the latter condition means that for each convex set C and for each point x, 
See [9]. For semi-regular convexities with compact polytopes, both properties are 
equivalent, as the reader can easily verify. 
We begin with a rather geometric lemma on moving ‘corner’ points of polytopes. 
First, recall from [19, 5.11 that the pseudo-inferior LX(C) of a convex set C of a 
topological convex structure X is the set of all x E C with the following property. 
If H c X is a closed half-space with x E H, then intc(C n H) # 0. Equivalently, no 
open half-space of X missing x is relatively dense in C. 
The existence (and density) of such points in every nonempty convex closed set 
has been of our concern in [19]. 
2.7. Lemma Let X be a connected space equipped with a semi-regular convexity 
having the continuity property. Let x, bl, . . . , b,, b;, . . . , 6; in X be such that x E 
h{bl, . . . . b,},bi~~~h{x,b~}orbi=b~fori=l,..., n.Thenx~h{b; ,..., 6;). 
Let us first point out that one cannot dispense with the pseudo-interiority 
condition: 
(1) A broken line in R*: let R* be equipped with its linear convexity. Put 
bl=b; =(O,O), x = 62 = (0, l), 6; = (1, 1). 
(2) Let the unit square X = [O, l]* be equipped with the ‘cubical’ convexity. Put 
x =(l,O), bl=b’l =(O,O), bz = (1, I), 6; = (0,l). 
The latter example shows that the condition on pseudo-interiority cannot be 
replaced by the weaker condition that bi # x # 6:. 
Proof of 2.7. Assume that x & h{b;, . . . , 6:). Then there exists an open half-space 
0 of X with 
h{b;, . . .,biJcO, xao. 
By the third axiom of convexity, there is a maximal 0 with the above properties. 
Then x E (5, for otherwise we could find another open halfspace P 3 d with x & P, and 
0 is properly included in P by the connectedness of X. Let 
F={i(bi#bf}. 
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We may assume that F f 0. For each i E F, 0 meets h {x, b I } whence by the continuity 
property 
Therefore, 0 is relatively dense in h{x, 61}, and consequently bi E 0 (pseudo- 
interiority). The latter of course hold for iE F too. But then x & 0 2 h{bi, . . . , !I,,}, a 
contradiction. 0 
2.8. Theorem. Let X be a semi-regular convex structure with connected convex sets 
and with the continuity property. Let C cX be a convex set with the cone-union 
property, and of dimension n (-1 c n c 00). If c and e are the Carathkodory, resp. 
exchange number of C, then 
nScSn+l, e=n+l. 
Proof. For n = co, 2.5 gives the desired result already, whereas the cases n = -1,O 
are trivialities. So we assume henceforth that 0 <n < 00, and that the theorem holds 
in dimensions <n. Let 
F={ao,...,a,), G = F\{aJ 
be subsets of C, where p in + 1. It suffices to show that 
p-1 
(1) h(G)= U h(Ia,luG\bJ), 
i=O 
(2) h(F)= CJ h(F\{ail) 
i-1 
(expression (2) states that F is reducible; as for (l), up plays the role of the 
‘exchanging’ point). 
Let us consider a point x which will later be assumed to belong to the left-hand 
set of (1) or of (2). Suppose 
x & h (F\(4) = h ({a,) u G\{aoI). 
Let H be a hyperplane of X separating between x and h(F\{ao}). For each 
i=l 
[19, ;:;; 
, p we find that H n h{x, ai} is a convex separator of h{x, ai}, whence by 
~x(Hnh{x, ai))cbX(h{x, ail). 
The former set is nonempty since H n h{x, ai} is finite dimensional (see [19,6.12]). 
Hence we can fix points 
biELX(h{x,ai})nH, i=l,..., p. 
If x E h(G), then also x E h{ao, bl,. . . , b,-*} (comparing with 2.7, this is the reverse 
operation of ‘shrinking’ a polytope; no special conditions are needed,for this): if 
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not, then there were a half-space K cX with 
x&K, a,,, bl ,..., bPmlEK. 
Consequently ai E K, for otherwise bi E h{x, ai} cX\K (i = 1, . . . , p - 1). Hence 
x&KDh{a,,,..., a,_l} = h(G), a contradiction. 
One similarly proves that if x E h(F), then also x E h{ao, bl, . . . , 6,). As cind H G 
n - 1, we find by inductive assumption that 
P-i 
(3) hIbi,. . * 9 bp-1lC U h({bl, *. * 9 bpl\{bil), 
i=l 
By the cone-union property, it follows from (3) and (4) that 
p-1 
(3’) h{ao, 61,. . . , b-d c U h(h, 61, .. . , b,)\{bJ), 
i=l 
P 
(4’) h{ao, 61,. . . , &I C U h Go, 61, .. . , b,}\{bi}). 
i=l 
If x E h(G), then x is in the left-hand set of (3’), and hence for some i E (1, . . . , p - l}, 
x E h Go, 61, . . . , bpl\{bil)- 
By Lemma 2.7, we find that also x E h({ao, al, . . . , a,}\{ai}), establishing (1). 
If x E h(F), then x is in the left-hand set of (4’). After applying 2.7 again, we 
conclude that for some i E (1, . . . , p}, x E h({ao, al, . . . , a,}\{ai}), establishing 
(2). 0 
An interesting consequence of the above developed results is the following. 
2.9. Corollary. Let X be a regular convex structure with compact polytopes, with 
connectedconvex sets, and with the continuity property. Let C c Xbe an n-dimensional 
(-1 s n <co) convex set with the cone-union property, having Helly number R and 
Carath6odory number C. Then R = n + 1 iff c = n + 1. 
Proof. If R = n + 1, then c zn + 1 by Theorem 1.6, and hence c = n + 1 by Theorem 
2.8. Conversely, if c = n + 1, then by (1.5; 1) and 2.8 
cSmax{R, e-l}=max{R,n}, 
whence R sn + 1, and even R = n + 1 by Theorem 2.1. 0 
Note that c = co (=co + 1) need not imply R = 00 (=OO + 1): just consider the Hilbert 
cube with its cubical convexity. Hence Corollary 2.9 is not valid for n = CO. 
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2.10. Example. Let n = n 1 +. ~~+n,wherep>landlsni<~foreachi.IfR” 
is given the product convexity obtained from the linear convexity on W, then the 
convex dimension of R” equals n by [20, 2.21. By a result of Sierksma, quoted in 
1.4, the Helly number of this product convexity is the maximum of the factor Helly 
numbers, and hence R(R”)sn. It was shown by Reay that c(R”) =n (see [16, 
Theorem l] in agreement with corollary 2.9 above. 
It follows from [20,4.7] that if X is a compact space with a semi-regular convexity 
having connected convex sets, and if cind X 3 n (where 0 G n <co), then there is 
a point p in X such that each convex neighborhood N of p satisfies cind N BK 
Now suppose C c X are as described in theorem 2.8, and that the polytopes of X 
are compact. If e(C) 3 n 2 1, then cind C b n - 1, and by [20,4.5-J there is a polytope 
P c C with cind P 2 n - 1. Polytopes being compact, the above quoted result applies, 
showing that cind N an - 1 for each convex P-neighborhood N of some point 
p E P. The conditions on C being inherited by convex subsets of C, we conclude 
that e(N) > n for each convex P-neighborhood N of p. It easily follows that each 
convex neighborhood of p in C has an exchange number an. 
One could refer to this fact by saying that 8 is locally determined. (In those few 
cases where C is not locally convex, one could pass to the weak topology to realize 
this condition. This change of topology does not affect cind, nor-of course-the 
invariants.) A similar argument shows that the Caratheodory number is locally 
determined up to one unit and, if the Helly is locally determined (which we don’t 
know), then so is the Caratheodory number, as can be seen from 2.9. 
Convexities with a discrete underlying space can be used to see that no invariant 
is locally determined in general. The appropriate problem is therefore to find 
suitable classes of topological convexities on which A, C, a, or e are locally deter- 
mined. 
2.11. Corollary. Let X be a regular convex structure with compact polytopes, with 
connected convex sets, and with the continuity property. If C c X is an n-dimensional 
(-14 n s 00) convex set with the cone-union property, having Helly number R and 
Radon number #, then the following are true : 
(1) rSn(R-l)+l ifRsn, 
(2) *Sn(R -1)+2 if& =n+l. 
Proof. If n = co, then R 2 2 and both formulas are obviously valid. Assume n < 00. 
If R G n, then c = n by 2.9, and (1) follows from the Eckhoff-Jamison inequality 
(1.4; 2). If R = n + 1, then c = n + 1 =e by 2.9 and 2.8. Then Sierksma’s formula 
(1.5; 2) applies, proving (2). Cl 
The above formulas are not sharp in case n = -1 or 0. For n = 1, (1) is not in 
order, and (2) is sharp. For n > 1 the known examples indicate that these formulas 
may be quite unsharp on the class of convexities in consideration. 
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For binary convex structures we now present a method to obtain a considerably 
sharper upper bound for the Radon number. 
2.12. Theorem. Let X be a connected space equipped with a semi-regular binary 
conuexity with compact polytopes, let cind X = n (-1 G n G co), let t be the Radon 
number of X, and let z, be the Radon number of the n-cube, equipped with the cubical 
convexity. Then * = 4” or 2, + 1. In fact, 4 = e,, for ‘almost’ all n, the exceptional 
dimensions being among those n > 0 for which 4” is even and C(*,, it, - 1) G n. 
To get a ‘numerical’ idea about the term ‘almost’, the reader can check that for 
n G 200 the exceptional n are: 1, 4, 15, 16, 17, and 56 to 62. At present4 we only 
have an example with n = 1. 
Proof of 2.12. It follows from [19,2.9] that X is a normal convexity with connected 
convex sets, and from [19,4.4] that X has the continuity property. The case n = co 
follows already from 2.2, and the cases n = -1, 0 are trivial. So assume 0 < n <co. 
(A) e is even. Let F c X be an independent set with 4 points, and let B be the 
set of all partitions {Fi, Fz} of F with (FI( = IF21 (note that 4 2 Q = 2, so 8 f 0). For 
each {F1, F2} E B we can find an open half-space 0 = O(FI, F2) of X with 
FI = 0, dnh(Fz)=0 
‘(thereby fixing a preference “Fl above Fz”). Let H(FI, F2) denote the bounding 
hyperplane of O(Fi, F2), and let D(Fi, Fz) denote any one of the convex sets 
O(Fi, Fz), X\O(Fr, Fz). 
If {Ft, Fz} #{F;, F;} are in 8, then Fi n F: # 0 for all i, j E {1,2}. Consequently, 
D(Fr, F2) nD(F;, F;) f 0. By binarity, it follows that for each B’ c 8, 
/?D (FL, Fz) I {FI, FzI E 9’1 z 0. 
Hence it follows from the connectedness of convex sets that for each P’ c 9 and 
{FI, Fz} E S\P’, D (FI, Fz) meets 
n {HP;, F; ) 11% F; 1 E 9’1. 
Using Theorem 3.4 of [20] and the continuity property, we obtain by induction that 
0 =z cind(n {H(FI, F2) [{Fz, Fz} E P) s n - 181. 
Consequently, 
n 5 ISI = tC(b, tz). 
By Eckhoff’s result, atn is the largest among all s with 
n 2 ;c<s, [is]), 
whence 4” 2 #. Then a = s,, by Theorem 2.2. 
4 For updated information, see our forthcoming paper [25]. 
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(B) 2iSodd,sayz=2p+1(p~1).LetF={x,xl,...,xz,}cXbeanindependent 
set. 9 denotes the collection of all pairs of type (F1, Fz), where FI u {x}, Fz form 
a partition of F with IFI1 = p - 1, IFI1 =p + 1. For each (F,, Fz) E 9 we fix an open 
half-space 0 = O(F1, F2) with 
F1u{x)cO, dnh(F,)=0. 
If (F;, F; ) E 9 is another pai?, then clearly each of the sets 
F,nF;, FznF;, FznF;, F,nF; 
is nonempty. Hence if H(F1, Fz) is the boundary of O(F1, F2), then (as above) 
O~cind (n(H(Fl, Fz)I(F1, F2)~9})cn -IPI, 
showing that 
By Eckhoff’s result again, 2p c e,, whereas 2 n s 2p+ 1 = z by 2.2. Therefore, a E 
(4 ,,, t, + l}, and if e # t”, then a,, is even and Cc*,, & - 1) c n. Cl 
If X is a tree homeomorphic to a letter ‘T’, then the collection of all connected 
subsets of X forms a normal binary convexity with compact polytopes, [19, 2.101. 
Note that X is l-dimensional, whereas 3 = 3 = b1 + 1. In fact, any tree with more 
than two endpoints can be taken for X. R.E. Jamison has proved that if X is a 
product of n > 1 non-trivial trees, then its Radon number equals S, [8, p. 1301. 
In view of the ‘classical’ theorems of Helly, Caratheodory and Radon, it may be 
of interest to find an additional condition asserting that 
R =c=#=dimension+l. 
We have a result in this direction which is inspired by a theorem of R. Hammer 
[5, 3.11: 
2.13. Theorem. Let X be a regular convex structure with connected convex sets and 
with compact polytopes, which is join-hull commutarive. Suppose that 
(*) foreach a, al, azEXwirh al~h{a,aJ,a2~h{a,a~}, 
h{a,allnh{a,a;?l={al. 
Then R (X) = c(X) = 4X) = cind X + 1. 
Let us first note that the continuity property is not involved in this theorem. 
Also, a convex structure as above need not have the continuity property as can be 
seen from the unit square with linear convexity. This may suggest once more that 
the continuity property is redundant in some of the results above. 
’ Which does not exist if p = 1. 
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Proof of 2.13. Let us first recall a result of Hammer which, after some modification, 
will give us one half of the theorem. Let Y be a space equipped with a topological 
convex structure, subject to the following conditions: 
(1) for each a, 6, and for each c E h{a, b}, h,{a, b} = h{a, c} u h{c, 6); 
(2) join-hull commutativity; 
(3) the above condition (*); 
(4) every two disjoint convex sets extend to complementary convex sets (this 
condition is known as the separation axiom Sd); 
(5) Y, and every polytope in Y, is interior-stable (convex sets have a convex 
(relative) interior); also, every polytope in Y is compact; 
(6) for each A c Y. 
Cl h(A) = mC1 h (0): A c 0,O c Y open}; 
(7) convex sets are connected. 
Then, according to [5, Satz 3.11, 
R(X) = c(X) = r(X). 
We showed in [20, 4.101 that condition (1) is actually a consequence of conditions 
(3)-(7). We also observed that the conditions (4)-(6) imply that every compact 
convex set in Y is normal relative to its trace convexity. A close inspection of 
Hammer’s proof shows that the obtaining of ‘normality’ is the only reason for 
taking up the conditions (4)-(6). Hence we may conclude that for a convex structure 
X as described in 2.1, the three classical invariants coincide (by [19, 2.41, the 
compact convex sets of such an X are also normal). 
We are left with a proof that these invariants are also equal to cindX+ 1. First, 
observe that R(X) G cind X + 1 by Theorem 2.1. It remains to be verified that 
(1) cind X + 1 G c(X). 
To this end, assume c(X) <co. Then also #(X) COO, and hence by Theorem 2.3, 
cindX <co. The case cind X = -1, 0 being trivial, we proceed by induction, 
assuming (1) to hold in dimensions <n, and assuming cind X = n. Then by [20,2.8], 
there exists an open half-space 0 with cind 6 = n - 1. By inductive assumption, 
there exists an irreducible set F in d with exactly n points, say F = {xl, . . . , x,}. Fix 
a point 
n Eh(F)\iQ1 h(E) (where E = F\{xi}). 
For each i there exists an open convex set Oi of X with 
UEOi* Oi n h (I$) = 0. 
Then (7;=i Oi is a neighborhood of u E d, and consequently we can fix a point y in 
f-l;_, Oi n 0. We find that 
(2) h{u,yJn(iQh(F,))=fl 
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since h {u, y} c n;= r Oi. Suppose that for some i, u E h (F;: u {y}). Then by join-hull 
commutativity there is a point x E h (Fi) with 
(3) n E h{x, ~1. 
By [5, Hilfsatz 3.31, we find from x E h(F) that 
W)=UWju{xH, i 
so there is a j and a point z in h(Fj) with 
(4) uch{x,z}. 
This leads to a contradiction with (*) as displayed in Fig. 1. By (3) and (4), we find 
h{x,u}~h{x,y}nh{x,z}.Also,z~h~u,y}by(2)andz~h{x,u}sinceu~h{x,z}and 
u Z z (see [19, 2.71). Hence, 
z~h{x,y)=h{x,u}uh{u,y}, 
Fig. 1. 
whereas y $ h{x, z} since y & d. We may conclude that 
(5) ukiel h(I;;:u{YJ)- 
Now take a point u E h{u, y}\(h(F) u(y)). We will show that 
(6) u~h(~u{yI)\L’h(I;;:u{y))uh(F), 
i=l 
to the effect that F u {y} is irreducible. Clearly, u E h (F u {y}) and u 6 h(F). So 
suppose to the contrary that for some i, u E h (Fi u {y}). Then by join-hull commuta- 
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tivity there is a w E h (Fi) with L’ E h{w, y}. Then 
h{y, u}Ch{y, U)nh{y, ~1, 
whereas w& h{u, y} by (2) and u& h{w, y} by (5). This contradicts (*). We finally 
conclude from (6) that c(X) 2 n + 1. Cl 
Note that on the class of convexities described in 2.13, each of R, c, and z are 
locally determined: see the argument after 2.10. 
Our next result is well-known for Euclidean spaces. The argument goes back to 
an observation in [7, p. 791. 
2.14. Theorem. Let X be a semi-regular convex structure with connected convex sets 
and with the continuity property. Let C cX be a finite dimensional convex set with 
the cone-union property. Then for each compact set K c C, h(K) is closed in X. 
Proof. Let x be in the closure of h(K), and let (xi)ier be a net in h(K) converging 
to x. By domain-finiteness (cf. [7, p. 6]), there is a finite set Fi cK with xi E h(F,), 
i E I. By Theorem 2.8, the Caratheodory number c of C is finite. Hence for each 
i E I there is a subset Gi c Fi with 
xi E h (Gi), ]Gi]sc. 
K being compact, the net (Gi)i,r has a cluster point G in the hyperspace of K. 
Clearly, IG 1 c c . If x & h(G), then there exist disjoint convex open sets 0, P in X with 
XEO, h(G)cP. 
There are cofinally may i with Gi c P, and for such i E I, 
xiEh(Gi)cP. 
However, there is an end segment of I consisting of i with xi E 0, a contradiction. 
Hence x E h(G) c h (K). 0 
The above argument actually shows that the hull of a compact set is closed in 
each semi-regular convexity structure with a finite Caratheodory number. 
2.15. Problem. In spite of the equivalence Theorem 2.9, one cannot conclude 
from R = c that both invariants are equal to cind+ 1. See Example 2.10, or consider 
the square with its ‘subsquare’ convexity: 
R (I*) = ~(1’) = 2 # cind(l*) + 1. 
The situation becomes somewhat more complicated if one knows that R = a. Then, 
if the convex dimension of the structure equals n, we find from Theorems 2.1 and 
2.2 that 
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where 2, = n + 1 for n < 3. Hence in dimensions ~3, R = e implies equality with 
cind+ 1, and by the ‘equivalence theorem’ 2.9, it then follows that also c equals 
cind+ 1. 
In testing whether or not R = c = 2 = cind X can occur, a good testcase is provided 
by the products of Euclidean linear convexities, 
X = R”’ x . . . x [w”., P>l, l<ni<W fori=l,...,p Cni=n. 
Then C(X) = n (see example 2.10), whereas by Sierksma’s result (1.4; 3), 
Hence, if R(X) = c(X), then p = 2 and {n ,, . . . , q,} = {n - 1, 1). The value of the 
Radon number 2(X) has been determined completely by Eckhoff in [2, (9.1)] in 
case of only two factors: z(X) = cind(X)+ 1. It follows that the three classical 
invariants of X cannot all be equal to n. This leads us to the following question: 
does there exist an n-dimensional (n 3 4) convex structure with ‘suitable’ properties 
such that 
4(X)=c(X)=2(X)=n? 
2.16. Problem. Let X be a connected space equipped with an n-dimensional, 
semi-regular binary convexity with compact polytopes, n > 1. Note that all convex 
subsets of X are connected (see [19, 2.91). Let us take up the construction of a 
CP map onto the n-cube in 2.6: we obtained CP maps fi: X --, [0, l] and open half- 
spaces Oi =fr’(O, l] Of X, i = 1,. . . , n, such that for each partition F, G of 
11, * *. . nl, 
n din,zOi+O (F, or G, may be empty). 
iaF 
Then choose two points 
U E b di, U E f) Oi. 
i=l i=l 
Then for each subset F of (1,. . . , n} the system 
h{u, 01, dj (~EF), Oi (i&F) 
is linked, and hence there exists a point 
As in 2.6, this leads to a CP map g:X+[O, 11” sending the points x(F) to the 
various corner points of [0, 11”. As each x(F) is in h{u, u}, it follows from [20,4.3] 
that g maps h{u, V} onto [0, 11”. whence cind h{u, u} = n. Consequently, Xconfuins 
an n-dimensional interval. Not> that this is trivial for n s 1. 
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In case X is a product of Euclidean linear convexities, one can easily check that 
if cind X = n, and if R is the Helly number of X, then there is an R-point set F in 
X with cind h(F) = n. 
This leads us to the following question. Let X be an n-dimensional convex 
structure (n <co) with ‘suitable’ properties. If X has Helly number 4, does there 
exist an R-point set F in X with cind X = cind h(F)? 
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